We consider the problem of whether Bernoulli polynomials are uniquely defined by certain interpolation equations. This leads to an interesting characterization of regular primes, a new insight into the p-divisibility of Fermât quotients, and a generalization of Voronoi's congruences.
We adjust for this problem by instead using the function Cm(x) = ^[BJx)-BJ which, by (1) , equals the sum of the m-1th powers of the nonnegative integers less than x , at each positive integer x . Our key lemma is Lemma 1. Suppose that p is a given prime and n and v are integers with 1 < n < p -1 and F(x + 1) -F(x) = vx"~ for each nonzero element x in Z/pZ. Then F(x) = vCn(x) + 7(0) z'zz Z/pZ.
Proof. Let G(x) = F(x)-vCn(x).
By (1) Proof. In order for F(x) to be completely characterized we see, from Theorem 2, that we must be able to compute the value of 7(2) -7(1) from the given information.
In ( It should be noted that Bm -0 for any odd integer m > 1, and so one can deduce from Corollary 1: Corollary 3. Suppose that prime p and integers m and q are given, where 3 < m < p -2, m is odd and q is a primitive root (mod p). Then the equation (2), together with the value of 7(0), is satisfied by more than one function F : Z/pZ -► Z/pZ.
It is also important in number theory to study those values of q for which p divides the "Fermât quotient" (qp~ -\)/p . Theorem 2 gives a new insight into that question: Another interesting question is to consider (2) in the case that q is not a primitive root (mod p). Proof. As in the proof of Theorem 2, we see that (3) holds where G(x) = F(x + 1) -F(x). Therefore, if x e A¡ then G(x) = xm~ v¡, for some fixed v¡ e Z/pZ, giving (5). Substituting (5) into (2) for x = 0 gives (6), and it is easily verified that if (5) and (6) are satisfied then so is (2).
